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NASA TT F-1 1 ,747 
C O R R E L A T I O N  OF DATA O N  NEARLY F R E E - M O L E C U L A R  FLOWS 

M. N .  Kogan 

ABSTRACT: T h i s  a r t i c l e  is a discussion of flows a t  larqe 
Knudsen numbers i n  t h e  case where t h e c o l l i s i o n  c ross -  
sec t ion  o f  t h e  molecules decreases w i t h  increasing r e l a t i v e  
ve loc i ty  o f  the  molecules. It is shown tha t  i n  o rder  t o  
c o r r e l a t e  w i n d - t u n n e l  data  w i t h  theore t ica l  da t a ,  i t  is 
advisable  t o  use a parameter 01 proposed by Sherman, W i l l i s ,  
and Maslach (1964).  For Maxwell ian molecules, t h i s  
parameter t a k e s  t h e  form l / K n m ,  while f o r  t h e  s o l i d -  

sphere model ,  i t  is expressed by Knwind- tunnel  - - Knrea l  q. 03 

There i s  p resen t ly  very l i t t l e  information, both t h e o r e t i c a l  and 
experimental ,  concerning flows f o r  high Knudsen numbers. 

Theoret ical  i nves t iga t ions  a re  l i m i t e d  c h i e f l y  t o  the  approximation o f  
A c e r t a i n  amount o f  ca l cu la t ions  has i n i t i a l  c o l l i s i o n s  f o r  so l id-spheres .  

a l s o  been conducted with t h e  he lp  o f  model equat ions.  
~ 

During t h e  comparison of  t h e  r e s u l t s  of ca lcu la t ions  with experimental 
da t a ,  e r r o r s ,  which a r e  a t t r i b u t a b l e  t o  a l imi ted  knowledge of t h e  laws o f  
i n t e r a c t i o n  of t he  molecules with t h e  wall and among themselves, a r e  poss i -  
b l e ,  i n  addi t ion  t o  t h e  e r r o r s  o f  t h e  method o f  ca l cu la t ions .  

~ _ _  -~ 
~ ~ _ _  

If a body i s  thermally in su la t ed  the energy d i s s ipa t ed  by r e f l e c t e d  
molecules i s  equal t o  t h e  energy carr ied i n  by a r r i v i n g  molecules and is  
independent of the  c o e f f i c i e n t s  of accommodation. 
f ace  of t h e  body i s  thermally insu la ted  ( the  wall  i s  absolu te ly  a non- 
conductor of hea t )  and i f  the  pulse  of  t h e  r e f l e c t e d  molecules and the  temper- 
a t u r e  of  t he  wall a r e  uniquely r e l a t e d  t o  the  energy d i s s ipa t ed  by the  
r e f l e c t e d  molecules, it i s  then obvious t h a t  the  r e s i s t a n c e  of each element 
of t h e  body and d i s t r i b u t i o n  o f  temperatures on i t s  sur face  a r e  independent 
of t h e  coe f f i c i en t s  o f  accommodation. In  t h e  o the r  l imi t ing  case o f  the  body 
which i s  absolu te ly  a conductor of heat ,  the  r e s i s t a n c e  and temperature of 
t he  body a r e  then independent o f  t h e  coef f ic ien t  of  accommodation of energy 
if t h e  average of t he  l a t e r  i s  determined f o r  the  e n t i r e  body. 

If each po in t  of the  su r -  

Thus, by comparing the  theo re t i ca l  and experimental r e s u l t s  f o r  r e s i s -  
tance and temperature o f  a thermally insu la ted  body, we may ignore the  coe f f i -  
c i e n t  o f  accommodation. 

*Numbers i n  t h e  margin ind ica t e  pagination i n  the  fore ign  t e x t .  
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The e x i s t i n g  t h e o r e t i c a l  r e s u l t s ,  as was pointed out  above, were obtained 
e i t h e r  f o r  s o l i d  sphe r i ca l  molecules o r  with t h e  he lp  of model equat ions.  
is  therefore  necessary t o  f i n d  the  r e l a t ionsh ip  between the  p rope r t i e s  o f  r e a l  
molecules and the  diameter o f  t h e  spheres o r  between t h e  parameters o f  t h e  
i n t e r a c t i o n  o f  t he  molecules involved i n  t he  model equat ion.  
t h a t  a model equation b e s t  approximates t h e  Boltzmann equation f o r  a 
Maxwellian (a  more accura te ly  pseudo-Maxwellian) gas .  

I t  

Let us r e c a l l  

The impacts of incoming and r e f l ec t ed  molecules p lay  the  primary r o l e  
i n  flows approximating free-molecular flows , p a r t i c u l a r l y  a t  hypersonic 
v e l o c i t i e s .  Consequently, t he  diameters of the  so l id-spheres  o r  t h e  o the r  
parameters of t h e o r e t i c a l  models of molecules should be s e l e c t e d  i n  such a 
way t h a t  t he  na ture  o f  t he  i n t e r a c t i o n  o f  the  molecules during p rec i se ly  
these  c o l l i s i o n s  i s  approximated i n  the b e s t  poss ib l e  way. In t h e  f i n a l  
ana lys i s  it is  necessary t o  express both the  experimental and the  t h e o r e t i c a l  
r e s u l t s  through the  parameters of t h e  incoming flow. I n  converting from t h e  
parameters o f  the  
incoming flow, t o  the  parameters of the i n t e r a c t i o n  t ak ing  p lace  during the  
c o l l i s i o n  of  the  molecules i t  is necessary t o  consider  t h a t  the  conversion 
may d i f f e r  f o r  t h e  mathematical model se lec ted  from t h e  ac tua l  change i n  t h e  
i n t e r a c t i o n  of r e a l  molecules. 
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i n t e r a c t i o n  o f  t he  molecules, which correspond t o  t h e  

Thus, f o r  example, i f  a model of solid-spheres is  used i n  t h e  ca lcu la-  
t i o n s ,  then,  according t o  the  very de f in i t i on  of t h e  model, t he  c o l l i s i o n  
c ross -sec t ion  i s  t h e  very same i n  t h e  incoming flow as during t h e  impact of t h e  
incoming molecules with the  r e f l e c t e d  molecules. 

In  a r e a l  gas,  however, t he  co l l i s ion  c ross -sec t ions  a r e  reduced with 
increasi l ig  r e l a t i v e  ve loc i ty  of the  molecules. 
da ta  can b e  obtained only i n  the  case where the  c o l l i s i o n c r o s s - s e c t i o n  o€model 
molecule-spheres i s  assumed t o  be  equal t o  t h e  a c t u a l  c ross -sec t ion  during 
the  impact of  t he  r e f l e c t e d  and incoming molecules, while t he  conversion t o  
the  parameters of  t he  incoming flow i s  accomplished i n  both cases i n  accordance 
with t h e  r e a l  law of  change o f  molecular i n t e r a c t i o n .  
he re  t h a t  the  conversion f o r  one gas t o  t h e  parameters o f  t h e  incoming flow 
may appear t o  be d i f f e r e n t  under the  conditions o f  a wind-tunnel experiment 
( p a r t i c u l a r l y  i n  a hypersonic wind-tunnel) and under n a t u r a l  condi t ions.  The 
temperature of  the  incoming flow i n  aerodynamic wind-tunnels i s  o f t en  much 
lower f o r  high Mach numbers than the  temperature of t h e  incoming flow under 
Conditions of na tu ra l  f l i g h t  a t  the  same Mach number. 
of t h e  molecules i n  the  incoming flow are accordingly much less under wind- 
tunnel  condi t ions than under na tu ra l  conditions.  A t  lower r e l a t i v e  v e l o c i t i e s ,  
however, t he  c o l l i s i o n  cross-sect ion changes much more rap id ly  with ~~ a change i n  
t h e  r e l a t i v e  ve loc i ty  of co l l i d ing  molecules than f o r  high r e l a t i v e  v e l o c i t i e s .  
Consequently, f o r  example, it may seen t h a t  t he  molecules behave under aero- 
dynamic wind-tunnel condi t ions as Maxwellian molecules, while t h e i r  cross-  
s ec t ion  changes but  l i t t l e  under the  conditions o f  n a t u r a l  f l i g h t  and, conse- 
quent ly ,  t h e i r  behavior can be s a t i s f a c t o r i l y  approximated by molecule- 
spheres .  
agreement f o r  d e f i n i t e  Mach and Knudsen numbers with t h e  r e s u l t s  of na tu ra l  

I t  i s  c l e a r  t h a t  comparable 

We should keep i n  mind 

The r e l a t i v e  v e l o c i t i e s  

Therefore,  t h e  ca l cu la t ion  made f o r  molecule-spheres w i l l  be i n  
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s tud ie s  f o r  t he  very same Mach and Knudsen numbers, while t he  very same 
ca l cu la t ion  corresponds t o  wind-tunnel t e s t s  with an incoming flow o f  a d i f f e r -  
en t  Knudsen number. I t  is  not  d i f f i c u l t  t o  s e e  [l] t h a t  the  wind-tunnel 
Knudsen number Knw - 
t h e  ca l cu la t ion  Kn 

i s  r e l a t e d  i n  t h e  given example t o  t h e  Knudsen number of 
by the  r e l a t i o n :  

C 

s ince  the  c o l l i s i o n  cross-sect ion i n  the incoming flow i n  the  wind-tunnel i s  
M t imes g r e a t e r  ( r e l a t i v e  ve loc i ty  o f  the order  of  t he  speed o f  sound a) than 

\ during t h e  c o l l i s i o n  of r e f l e c t e d  and incoming molecules ( r e l a t i v e  ve loc i ty  of 1 t h e  order  of V,). 
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The ca l cu la t ion  f o r  Maxwellian molecules, on t h e  o the r  hand, i s  comparable 
t o  t h e  r e s u l t s  of the  wind-tunnel experiment f o r  an incoming flow having 
i d e n t i c a l  Mach and Knudsen numbers. 
r e s u l t s  o f  t he  na tu ra l  experiment, however, t h e  l a t t e r  should be made f o r  
Knudsen number 

In  comparing t h e  ca l cu la t ion  with t h e  

K n n a t  KncM. 

I t  should be  noted t h a t  i n  convert ing from the  wind-tunnel experiment t o  t h e  
n a t u r a l  experiment it i s  not permissible i n  t h e  general  case t o  compare t h e  
d a t a  of an incoming flow having identiSa1 and Mach and Knudsen numbers. The 
experiments f o r  an incoming flow which were conducted on a d i f f e r e n t  tempera- 
t u r e  l e v e l  may be regarded e s s e n t i a l l y  as  experiments conducted i n  d i f f e r e n t  
gases,  since t h e  v i s c o s i t y  f o r  low temperatures changes almost i n  proport ion 
t o  temperatures,  while a t  high temperatures it changes i n  proport ion t o  the  
square r o o t  of t he  temperature. The wind-tunnel experiment i n  t h e  s e l e c t e d  
example was conducted i n  a Maxwellian gas while t h e  n a t u r a l  experiment was 
c a r r i e d  o u t  i n  a gas cons i s t ing  o f  molecule-spheres. 
parab le  i f  

Their d a t a  w i l l  be com- 

Formulas (1-3) have, o f  course,  only an approximate na ture .  A more 
accurate  ca l cu la t ion  i s  necessary f o r  a c r i t i ca l  comparison o f  t he  experimental 
d a t a  with t h e  t h e o r e t i c a l  da t a .  Thus the r e l a t i v e  ve loc i ty  of t h e  molecules 
of t h e  incoming flow was taken above as equal t o  the  speed o f  sound 
a = , while ,  more accurately,  the mean r e l a t i v e  ve loc i ty  of  t h e  mole- 
tules is equal t o  rrel = Lfikt,/nm f o r  t h e  Maxwellian d i s t r i b u t i o n .  

- 
We may use ,  f o r  example, t h e  most probable ve loc i ty  o r  t he  ve loc i ty  of 

t h e  molecules at which the  pulse  del ivered by them i s  equal t o  t h e  pulse  
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c a r r i e d  away by t h e  molecules possessing the  Maxwellian d i s t r i b u t i o n  as t h e  
mean ve loc i ty  of  t h e  r e f l e c t e d  molecules. 

If the  molecules a r e  r e f l e c t e d  d i f fuse ly  with the  Maxwellian d i s t r i b u t i o n  
corresponding t o  temperature Tr t h e  m e a n  ve loc i ty  determined by t h e  f i rs t  
method w i l l  be 

/%T, =s,, v* = 
Y ni 

while the  mean ve loc i ty  determined by the second method w i l l  be 

When the  incoming flow has high v e l o c i t i e s  and Tr -4 To, the  d i f f e rences  

between these  determinations o f  mean ve loc i ty  i s  s l i g h t .  
change of  the  c o l l i s i o n  cross-sect ion can be found, f o r  example, from the  law 
of change of v i s c o s i t y  with temperature. 

The r e a l  law o f  

/666 - Let us consider an example o f  t h e  comparison of experimental and theo- 
v a r i e s  f o r  a given mach r e t i c a l  d a t a  f o r  a sphere.  

f m  -1 number i n  proport ion Knw 

molecules with t h e  su r face  and among themselves (Cx 

va lue) .  
the r e s u l t s  of  t h e o r i e s .  
were constructed f o r  a Knudsen number a t  f o r  each ca l cu la t ion  model of  
molecules without conversion. 
c o l l i s i o n s  f o r  molecule-spheres [4]  and curve 2 was found by using t h e  modi- 
f i e d  model equation: 

The value of Cx - Cx 

independently of the  l a w  of t he  i n t e r a c t i o n  of  t h e  

f m  

S t r a i g h t  l i nes  1 and 2 ,  which we borrowed from [ 3 ] ,  

is the  free-molecular 

Figure 1 shows a comparison of t h e  experimental r e s u l t s  o f  [2]  with 

Curve 1 was found from t h e  theory of  i n i t a l  

cg 
dr 

= A ( n ; q i  + 2 4  n, Gri + np,,) - Anf. 

4 

(4) 



Here 

Q k  
. -  

Qi 

The index r denotes t h e  values corresponding t o  molecules ( to  those molecules 
leaving t h e  body), t h e  ve loc i ty  of which are found t o  be within t h e  s o l i d  
angle Qr, from which the  body is seen from a given poin t .  

values corresponding t o  a l l  o ther  d i rec t ions  o f  t h e  v e l o c i t i e s  o f  the  mole- 
cu les .  
t he  i n t e r a c t i o n  of the  individual  groups o f  molecules ( r e f l ec t ed  with incoming 
ir, incoming with incoming ii, and r e f l ec t ed  with r e f l e c t e d  rr). 

/ 667  

Index i denotes the  

This form of c o l l i s i o n  term enables us t o  consider more completely 

A l l  ca lcu la t ions  were ca r r i ed  ou t  with the  assumption o f  d i f fuse  ref lec-  

1 
t i o n  f o r  t h e  coe f f i c i en t  o f  accommodation c1 = 1. For  the  ca lcu la t ions  made 

on t h e  b a s i s  of t he  theory of i n i t i a l  co l l i s ions  it was assumed t h a t  a l l  
r e f l e c t e d  molecules have iden t i ca l  ve loc i t i e s .  The ca lcu la t ions  f o r  t he  modi- 
f i e d  model equation were ca r r i ed  out  by the  i t e r a t i o n  method. The coe f f i c i en t  
A is expressed through v i scos i ty .  

The diameter o f  t h e  molecules of t h e  spheres may a l s o  be expressed through 
v i s  cos i t y  

5 
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Figure 1 

The Knudsen number Knm, which is expressed through M and Re of t h e  
incoming flow i s  

As seen i n  t h e  f i g u r e ,  t he  ca l cu la t ion  r e s u l t s  constructed by t h i s  parameter 
f o r  t he  model equation and by the  theory of  i n i t i a l  c o l l i s i o n s  f o r  spheres  
diverge s i g n i f i c a n t l y .  
no t  v a l i d ,  s ince  ws have compared not  only the  r e s u l t s  of ca l cu la t ions  ca r r i ed  
out  by two d i f f e r e n t  methods, but  f o r  two d i f f e r e n t  gases as wel l .  
purpose o f  making the  d a t a  f o r  t he  spheres comparable with the  r e s u l t s  
obtained by using t h e  model equat ion , l i . e .  , f o r  Maxwellian molecules, we have 
t o  cons t ruc t  them on the  b a s i s  of  a Knudsen number which changes i n  accordance 
with formula (1) .  
r ewr i t e  t h i s  formula i n  the  following form: 

As was mentioned above, however, such a comparison is 

For t h e  

In considerat ion of t he  above cor rec t ion  f a c t o r s  w e  may 
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Curve (1) thus r eca l cu la t ed  is shown i n  Figure 1 by the  broken l i n e .  
Considering t h e  approximate na ture  o f  these and o the r  ca l cu la t ions ,  t h e  con- 
formate o f  t he  r e s u l t s  of the  ca lcu la t ions  a r r ived  at by t h e  d i f f e r e n t  methods 

experimental r e s u l t s  a r e  a l so  now c lose  t o  t h e  ca l cu la t ed  r e s u l t s  shows t h a t  
r e a l  molecules behave under the  conditions of  t h e  given experiment s i m i l a r l y  
t o  Maxwellian molecules. 

can be  regarded as s a t i s f a c t o r y  a f t e r  the conversion. The f a c t  t h a t  t he  

For the  c o r r e l a t i o n  of t h e o r e t i c a l  and experimental r e s u l t s  i n  a v iscose  
gas we o f t en  use t h e  Reynolds number found on t h e  b a s i s  of  v i s c o s i t y  a t  t h e  
temperature which e x i s t s  a f t e r  a sudden change i n  compression o r  a t  t he  

s e l e c t i n g  the  c h a r a c t e r i s t i c  r e l a t i v e  ve loc i ty  o f  t h e  molecules equal t o  t h e  
r e l a t i v e  ve loc i ty  of the  molecules a t  the s t agna t ion  temperature Erel(TO). 

The r e l a t i v e  ve loc i ty  of t he  molecules, as we have seen, is somewhat g r e a t e r  
than Vw during the  i n i t i a l  c o l l i s i o n s .  

ve loc i ty  of t he  molecules yrel(To) is somewhat l e s s  than V, f o r  a monatomic 

gas,  and even lower f o r  a diatomic gas (V/S  

Mach numbers). 

. s tagnat ion  temperature.  In  terms of the  k i n e t i c  theory t h i s  i s  equivalent  t o  

/ 668  - 
I t  i s  easy t o  s e e  t h a t  the  r e l a t i v e  

(To) - 1/4421~k/(k-l)  a t  high r e1  
Thus, we c l e a r l y  have, ins tead  of  formula ( l a ) ,  

I - -  -- 

The da ta  f o r  sol id-spheres  reca lcu la ted  by t h i s  formula a r e  shown i n  Figure 1 
by t h e  dot-dash l i n e .  

Consequently, by using the  Reynolds number constructed according t o  t h e  
parameters of s tagnat ion  i n  t h e  co r re l a t ion  o f  d a t a ,  w e  underestimate some- 
what t he  r e l a t i v e  v e l o c i t i e s  of the  molecules during t h e i r  i n i t i a l  c o l l i s i o n s .  
With a reduct ion i n  t h e  Knudsen number, however, t he  r o l e  of the  c o l l i s i o n s  of  
t h e  molecules o f  t he  d i r e c t l y  incoming flow with t h e  r e f l e c t e d  molecules 
diminishes and the  co r re l a t ion  of  t h e  data  according t o  t h e  s tagnat ion  tempera- 
t u r e  becomes more v a l i d .  
c o r r e l a t i o n  of da t a  can be accomplished, for example, according t o  the  parame- 
t e r  (see [5]). 

Therefore, i n  a wide range of Knudsen numbers, t h e  

which changes t o  1 / K  

( l b )  f o r  s o l i d  spheres .  

f o r  Maxwellian molecules, b u t  corresponds t o  formula 
nW 
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Above we have co r re l a t ed  da t a  for  a cold body. If the  body is r fhot r r  o r  
~1 is  low, the  v e l o c i t y  o f  t h e  r e f l ec t ed  molecules of t h e  order  V, and, con- 

sequent ly ,  t he  r e l a t i v e  ve loc i ty  of the molecules during t h e  i n i t i a l  c o l l i s i o n s  
w i l l  be more than twice as grea t  as the  v e l o c i t y  r (TO). In  t h i s  case the  

conversion f o r  s tagnat ion  temperature [by formula ( l b ) ]  i s  much l e s s  v a l i d  
than the  conversion by ( l a ) .  
mic wind-tunnels, where the  temperature of the  body i s  o f  t he  order  o f  t he  
s tagnat ion  temperature,  and even greater  than the  s tagnat ion  temperature i n  
nea r ly  free-molecular flows. 

e 

I 

r e  1 

This s i t u a t i o n  is  o f t en  encountered i n  aerodyna- 
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